Application of finite Hankel integral transforms to the problem of a uniformly loaded unilaterally supported rectangular thin plates, the solution of partial differential equation can then be reduced to two coupled Fredholm integral equations of the second kind that obtained from the coupled dual-series equations of mixed boundary conditions, and also together with two constraint integral equations resulted from both of zero corner force condition and compatibility of edge displacements near each plate corner that loses contact. Owing to the summation of many different infinite series in the kernels and inhomogeneous parts of equations for the requirements of attainable highest accuracy and reducible computational time, the modified mathematical manipulations are improved and required asymptotic expansion for large arguments of the Bessel and Struve functions is treated to accelerate the convergence of series rapidly. The latter is to avoid the undesirable lengthy computer runs in numerical computations. Consequently, this paper is devoted to demonstrate the mathematical description and numerical algorithms in order to solve the system of coupled integral equations.
Introduction
The mathematical formulation of physical phenomena often involves Cauchy-type singular integral equation or Fredholm-type integral equation. Integral equations can arise in the solution of many interesting important fields of potential problems and similar partial differential equations that usually found in different application areas of science and engineering, like diffraction problems, water waves, scattering in quantum mechanics, fracture mechanics, elastic contact problems in the theory of elasticity, and mixed problems of mechanics of continuous media and others. Since closed-form solutions to these integral equations are generally not available, much attention has been fixed on the numerical method of solution such that the solution is handled implicitly. For more detailed information, the interested reader should consult the expositions in Baker [4] , Delves and Walsh [5] , and Kantorovich and Krylov [8] .
Over the past forty years, there has been much work on developing innovative approximate analytical solution and analyzing purely numerical methods for solving a large class of integral equations. However, in practice, approximate methods are first needed and then, many different methods are established to solve the integral equations numerically. One of several techniques can be made easily by transforming the integral equation to a linear system of algebraic equations, which based on an assumption that the solution of integral equation is sufficiently smooth on the whole interval of integration and these simultaneous equations can further be solved by direct or iterative methods [7] . It is important to note that in order to obtain an accurate approximate solution of the integral equation, which is difficult and expensive computationally, fast solution methods have thus been developed. Therefore, some important works that involved with the treatment of integral equation solutions are explored in the following details.
Recently, Ren et al. [11] presented a novel modification of the Taylor-series expansion method to solve a class of Fredholm integral equations of the second kind with smooth and weakly singular kernels. With this approach, they obtained the approximate solution of the integral equation which can be expressed explicitly in a simple, closed form, and its numerical solution obtained is of sufficient accuracy within only few terms in the Taylor expansion to be used. Frammartino et al. [6] proposed some numerical methods to solve Fredholm integral equations of the second kind on unbounded intervals by construction of a new interpolating process based on the zeros of Hermite polynomials that behaves like the best approximation. Additionally, a well-conditioned linear system equivalent to the finitedimensional equation can also be constructed. Rajan [10] suggested a convergence analysis for solving Fredholm integral equations of the first kind by using Tikhonov regularization under supremum norm in which a stable approximate solution for ill-posed problems can be obtained. Moreover, he also derived the error estimate by imposing additional conditions under a priori parameter choice strategy for choosing the regularization parameter. For the systems of linear and nonlinear Fredholm integral equations of the second kind, Babolian et al. [3] extended the Adomain decomposition method for solving both equations system and together with considering the convergence of the method. In case of three-dimensional contact problem in the theory of elasticity that related to the field of problem considered here, Abdou and Salama [1] established and solved the Fredholm integral equation of the second kind with a generalized potential kernel which investigated from the semi-symmetric Hertz problem for two different elastic materials, where the kernel of integral equation can be represented in the nonhomogeneous wave equation form. However, there are more various techniques remained to be discovered in several scientific or technical literatures that can cope with the other types of integral equation solution, but not only for the case of Fredholm-type integral equations.
In the present paper, the objective is mainly emphasized on the numerical treatment of two coupled inhomogeneous Fredholm-type integral equations of the second kind which has been carried out successfully from the previous problem involving rectangular thin plates in unilateral receding contact with laterally loaded by uniform pressure [9] as shown in Figure 1 .
Figure 1
Uniformly loaded rectangular plate on unilateral edge supports Due to the requirement of summation of different infinite series appeared in the kernels and inhomogeneous parts of integral equations that led to slowly convergent series with lengthy computable terms, this cause may change the problem seriously. Thus, several techniques that accelerate the convergence of series would be tried; often, these techniques have been worked well in special instance. The detailed in this paper is organized as follows: In Section 2, the biharmonic differential equation and boundary constraint conditions are presented. The general deflection solution of plate in terms of single Fourier-sine series based on the Levy-Nadai approach [13] satisfying both the governing equation and corner deflection condition is given. After performing the problem boundary conditions lead to four coupled series equations including the relationships of unknown constants of integration. In Section 3, applying the finite Hankel integral transform techniques finally reduces coupled series equations to the system of two coupled Fredholm integral equations, and two constraint condition equations at the plate corner can ready be derived to be used for checking the problem solutions uniquely. To accelerate the convergence of computational summed terms in the series, Section 4 considers the terms in the kernels and inhomogeneous parts of integral equations. Appropriate mathematical manipulations and also asymptotic expansion that pertained to the Bessel and Struve functions are then treated. Section 5 prepares a system of linear algebraic equations in order to approximate the integral equations. The iterative numerical procedure for finding the accurate solution with establishing a uniform error tolerance is described and demonstrated in the form of algorithm flowchart. Finally, a summary of the paper is given in Section 6.
Differential equation and boundary conditions
Refer to Figure 1 which illustrates the geometry of plate having a uniform thickness ( ) h in the scaled dimensions where the scaling factor is / a  and a is the actual length of plate so that, the partial differential equation governing the deflection of the plate ( ) w subjected to a uniformly distributed load ( o q ) can then be expressed by [13] 
is the plate bending rigidity, E and  are defined to be the plate material properties, namely, Young's modulus and Poisson's ratio, respectively. Since the deflection of plate is two-fold symmetry, the boundary conditions need only be considered on the shaded area as indicated in Figure 1 . Thus, the necessary conditions are listed here in the following details:
All of the boundary conditions presented in (2) to (13) are also summarized in Figure 2 for clearly demonstration.
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Figure 2 Representative boundary domain and conditional equations
To determine the solution of differential equation (1), the deflection function can be taken in the same form as in the Levy-Nadai solution [13] of the plate simply supported on all four edges which is 
Note that the last term of (14) is introduced to satisfy the condition of (12) A B C D and also c W are determined from the boundary conditions. For this purpose, after performing (5), (6), (10) , and (11) yields the system of four coupled series equations as follows [9] :
1,3,5,...
1,3,5,... 
where m P and m Q are the unknown coefficients to be determined in terms of unknown and for the other functions presented in the above series can then be defined by
tanh , From the boundary conditions (2) to (4) and (7) to (9), the unknown constants that found in (14) 
Fredholm integral equations and constraint conditions
The system of coupled series equations (15) can further be reduced to a set of two coupled integral equations by representing the unknown coefficients as the following finite Hankel integral transforms: Instead of (30) for m P and m Q into (15) leads to two coupled inhomogeneous Fredholm integral equations of the second kind,
in which the kernels and inhomogeneous parts of integral equations are given below, 
and functions ( ) n I  and ( ) n L  are, respectively, defined to be the modified Bessel function of the first kind and order n and modified Struve function of order n [2] .
However, it is of interest to remark that two necessary conditions are required to guarantee the appearance of a set of unique solutions in (31). The first is the zero corner force condition that can be determined from the boundary condition given in (13), which is 
and (1 ) /(1 ).
The second condition is called the compatibility condition of displacements at the corner of the plate. This condition can be determined after obtaining the term of deflection at the plate corner ( ) c W which is found from the condition presented in (12),
Applying the conditions (5a) and (10a) and also together setting 0 x  and Nonlinear unilateral contact problem of plates 2111 0 y  , the compatibility condition is found to be
The structure resolvent and asymptotic analysis
It is obvious that there are many different terms in the right-hand side of (32) and (33) which make the series converged slowly. Therefore, it is expedient to rearrange the terms in the new form by introducing the notations as follows:
and (1) (1) ,
,
, 
.
Therefore, the kernels and inhomogeneous parts of integral equations can be taken in the form as 2 ( 1 ) 
It is to be noted that since m is large, equations (40) to (47) will approach some certain values in the limit. Utilizing (50) to (57), one has the approximate form of (48) and (49), 
Similarly, the series terms in (35) and (36) are then reduced to and N is an odd number.
Therefore, a system of integral equations (31) can be expressed in a set of two linear algebraic equations,
in which the weight function W j has the form
In view of (77), it can be expanded to the simultaneous 2N equations which is written in the matrix notation as
(79) where One further important point to be noted is that the elements in the first row of (85b) and (85d) can be reduced with the help of identity given below [12] 
